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good separat ion of intragra des from ext ragra des (it was not designed to do so ),
but a d iffer ent modi ficat ion mi ght . I n order to improve t he separ ation of
Lnt.r-agracee from extragrades, the member.'lhips t o the extragrade cj aas co uld be
made direct l y dependent on t he distances t o the class centres. We propose t o do
this by adopting the foll owing obj ec t ! ve fun ct i on al:

(10)

with t he conven tion t ha t if both ml " a nd d i c ar e z ero , the correspond ing
' cont r i b\lt i o n to t he second ter m in (10) 1s zero .

A heur isti c to mini mize (10 ) , s i mi l ar to that us e d in f uzzy k-me ans an d
Oh il-'l h i ' s method , i s Pi c ard it er a tion of f oll owi ng equatfcns , resulting r r-cc
di £f erent J at i on of t he Lagr angi an of ( IO) wi th res pect t o memberships and c l a.~s

c e nt r es :
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Cl ea r l y , s i ngular i ties wil l occ ur wit h d i c clos e or e qua l to 0 , r es ul t i ng in
numerical o verfl ow. In order t o deal wi t h thes e singulariti es , t he corr espond­
i ng members h i p mi c an d weight (between braces in (1 1c ) are s et to 1 and the
memberships an d weights wi th respect to t he o ther classes are s et t o O. _~

A technical difficulty is t hat t he r ight -hand s id e of (11c ) contai ns d i c ,
hence depend:'! on t he c i eee ce nt r e t o be r e ceicci etec . Equation ( 11Cl j rOUl d be
solved by calcula ti ng a fi rs t approximation of e l l ) with va lues of di e obta i ned
from t he previous ~n card tijr a tion an d imprOVing t hi s i t er a t ivel y by
recalculaHyn of diC and C • An alternative procedure i e ffr'l ki P the i mprove-
ment of e and t o proceed dj"re c tl y Wj" t h calculation of M ,a.'lsumlng that
t he di ff erences be tween Cl l - 1 and c O will decrease r apidly during the Picard
i t er a ti on . We used the l a t t er proced ur e as i t seems more efficient; s o f ar our
experiences are good .

As with o nee ntse met hod, our mod i f i cat i on r equires a value of a to be
chosen . This dete rmines t he mean out11 e r mem bers h i p, mi.' defined as

( 12)

Because iii1! is more readily i nterpretable than a , it I s eas ier to choo se a
va l ue for mi " t han f or a . I de ally . t his choi ce woul d be bas ed on prior
information about the expected f requency of extragrades i n the dat a s e t at
hand . In t he absence of that type of t nr craat.ion , we ha ve chosen , as a rule of
t humb , t o assign the 8ame mean membership t o the outlier c lass as on average
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II;! ee ei enec to t he r egular clas ses . Thi s amounts to

( 1 3)

_ In ge ne-at mi l is an unknown f unction or a. Denot i ng t hi. s function by
mi " (a) . t he a 1m 1., eo ri nd t he root or

( PI)

To that en d we used the Regu l a Fa lsi met hod n .« . r e pe at e d inver s e 11nea r
interpolation be tween a nega t ive an d a positive va l ue of thIl l . combi ned .... lth
Steffensen' s convergence a cc el er a t i on (see Stoer and Bul i r s ch (9 ] , p . 298) , In
t hi s procedure t he I - t h i teration cons i s ts of t wo Regula Fals i s teps , yi eldi ng
~ ' and u" . f ol l owed by an acc elerati on s t ep In which t he next val ue of u Is
calcul at ed accor di ng t o

(1 )" . " "0.(1- 1 ) ",, 2

(l " . (l. (l-l) -2Cl ~
( 15 )

The e val ua t t o ns of r( (l.) required d uri ng the a cce j er ate d Regul a Fals i Lt e r- a t Lcn
ver-e ca rried out .... l t h t he mod ifi ed Pi ca r d iterat i on ces cr t beo befor e . Hen ce ,
t he l a t t e r I t er a ti on i s nested .... ithin the form er one . As s tar ting points for
the acce l erated Regula Fa l Si I t er ati on , we used f(O) " - l / (k +l ) and f (l ) -k/ (k +l) ,
and oo nt i n ued th e it era ti on unt i l t he r oot was determined to wi t hi n l S
t olerance .

The res ults of our modifica t ion of f uzzy k- means applied t o Ruspinl 's
butterfl y are shown in Fig . t c . cceper-ec .... i t h the r-eeu t t.e from Ohash i 's metho d
( E' i g . l b) , the cr es s cent r-es an r r t ee on ly slightly t o the overall centre of the
configur a tton. Never theless the membershIps of I nt r a gr a des and ex tragrades to
t he r egul ar ct asees , r espect ive l y, i ncr eas e d and decr eased co ns i de rably , while
t he ir moober.s hi p:'lo t o t he outlier class decreased and increased with abo ut the
s ame amount . This r es ul ted in mar ked ly different members hips f or t he Int r agr ade
B aM t he ext r-ae-acee C as well as II . So in t his example, the proposed
modI f 1oa ti on Clear ly s epa r at es Intragrades rrom extragradea . We e xpect t h1s t o
be a general pr ope rt y of the method becaus e i t ma kes t he outl ier mem berships
proportional to t he harmonic mean of t he s qua r ed distances t o the cl as s centres
(ra i s e d to a power depending on ~ ) .

A fur ther il l ustrat ion I s f ormed by t he t wo-dimensional nes t ed gr i d
config ur a t i on of ~9 poi nt s sh own i n Fig . 2 . We ap plJe d fu z zy k-means and t he
modi fi ca t i ons by Ohashi an d our-eei vee with k zJj , i .e • the number or nat ur al
c j uat er s I n this c as e . C l a.~.~ ce ntr es and members hi p cont ours are depicted in
Fi g . za , b and c . To save epace , onl y the nember-snt ps of half the conf igurat ion
ar e shown (a bo ve or bel ow the a xis of symm etry x1-x2 - O ) an d only f or on e of t he
regul a r clas ~es . The other mem ber s hi ps ar e impli e d by symmetry .

The r es ul ts from t hi s case confirm t hose f r om t he but t er f l y : compared wi t h
f uzzy k- mean s our mOdification produce d membership!! that mor e cl e a rl y refle ct
the differences in propert i es , wher- eas it l ef t the oj as s cen tre.'> nearl y
unchanged .

5. DISCUSSION

Spatial "y.'Jtem.'J are or ten origi na lly described ...ith s o many var1a t>l e,'J that
f nt er-poLat i on wi t h all of t he ori gi nal variabl €!; i.., not reaetme . f uz zy
clust ering seems t o be a s uitabl e ap pr oa c h to reduce t he number of va r iables ,
especially I f r elationships ar e non-l i~ear and spati al variati ons are gradual .
The method pr es ent ed her e i n addition a i ms a t int erpol at ed class mem bers hips
t hat a r e suitabl e for prediction of related variables .

I t is clear t hat t he smal l ar t i f i c i al data sets "'e used here e xempli f y In no
way t hos e en countered i n pr ac tice . They ar e on ly meant to i l l us trat e, i n a
conci se way , s ome of t he poi nts .... e r a illed . The us e f ulne.<>s of t he proposed
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met hod ha~ t o be ~hown i n real c a~e studi es . We ar e elaborating a few or t hes e
s tudi ~ , wi t h e nco ur ag i ng res ults so far (McBr at ney and De Gr u1 jter (5 ] ) .
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F1g .1 . Three fu~ty cl us t e ri ng metho ds a ppl i e d t o Rus pi n1 's butterfly (k -2 , ~ -2 )

a ) Fuzzy k-means ; memberships to c lass wi t h ce nt r e (0 . 855 , 2.000) .
b) Ohash1 's method (wIth ~-0 . 43 1 and mi . - 1 / 3J ; membersh1 ps t o cI a,s w1th centre

(0 . 981 ,2.000 ) a nd t o out li er class , respect ively , i n upper and lower part .
c ) Our me thod (with ~-0 .4 40 and mI. -1 13); membersh1ps to class wi th centre

( 1. 347 , 2 .000 ) and to ou t.Lf.et- c lass , respect ively , 1n upper and low er part .
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;:'1g.2 . Thr e e fuzzy cj us t e r- Lng methods applied to n es t.ed grid 0(-.11 , 41 -2)
a ) Fuz zy k- meana , memberships to ci aee OIi t h cent r e (2 . 972 , 2 .972).
o j Oha:';hi '.~ method (vi t.h ",-C .1I00 and mi . · , / S): mem be r s hi ps to cl ass with centre
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c) Our met hod (wi t h 0·0 .515 an d mi *- 1 15) ; mem bers hips to cl a,;s wi t h centre

(3 .016 , 3.01 6) and to outl i er cl ass , r es pe cti ve l y , i n up pe r and lower part .
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