Fuzzy linear discriminant analysis

Linear discriminant analysis (Fisher, 1936) is usually performed to investigate
differences among multivariate classes, to determine which attributes discriminate
between the classes, and to determine the most parsimonious way to distinguish
among classes. Similar to analysis of variance for single attribute, we could compute
the within-class variance to evaluate the dispersion within class, and between-class

variance to examine the differences between the classes.

Discriminant analysis for hard classifications has been applied in soil science
for more than 60 years. The first of such application is by Cox and Martin (1937)
where they use discriminant analysis to find out whether some chemical properties
give significant information on the presence of Azotobacter in soil. Hughes and
Lindley (1955) illustrated the application in classification of some Snowdonian soil.
Oertel (1961), Norris and Loveday (1971), Webster and Burrough (1974) used this
method to allocate soil profiles into existing soil classes.

Bell et al. (1992) related eight landscape parameters to soil drainage classes,
and use discriminant analysis to allocate new observations to the classes.

Henderson and Ragg (1980) employed a multivariate logistic method of discriminant
analysis to assess the usefulness of some soil morphological properties for
distinguishing between four taxonomic units.

The theory is readily accessible in Webster and Oliver (1990). We generalize
the theory to a fuzzy linear discriminant analysis, which considers the membership of
each individual to each of the classes.

Consider the data matrix X (elements x;, i = 1,..,n; | = 1,..p) classified by fuzzy
k means to give membership matrix M (elements m;, i = 1,..,n; j = 1,..k) with the
centroid matrix C (elements cj, j = 1,...k; I = 1,..p), where n is the number of sample,
p is the number of attributes, and k is the number of classes.

The sums of squares and products (SSP) within-classes matrix W, or also

called within-classes fuzzy scatter matrix (Bezdek, 1981):
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The fuzzy covariance matrix of class k is defined as:
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The sum of squares product (SSP) between-classes matrix By
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which has elements:
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where X, and X, are the overall means of the Ith and mth variates.

When the membership is hard (m equals 0 or 1) Equations (1) and (5) reduce to the
conventional W, and B matrices (Webster and Oliver, 1990).
The total SSP matrix Ty is calculated as
Ts = Bs + Wk (6)
The ratio of the determinant of the within-classes to the total SSP matrix is the
Wilks” A (Wilks, 1932; Webster, 1970), similarly we have fuzzy Wilks’ A:
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The fuzzy Wilks’ A is a measure of the difference between classes. The value A
varies from 0 to 1, with O suggesting class means differ (and the attributes
differentiate the classes more), and 1 suggesting all class means are the same. Mariott
(1971) suggested that when plotting kL versus k, k°L will drop steadily from 1 when
k = 1 class. Identifying the class where there is a sharp decline in k’L value indicates
the optimum number of classes. However, since there is a fuzzy membership
embedded within matrices W; and Ty, the value k’L could be greater than 1

Similar to principal component analysis, in discriminant analysis one
computes k-1 or p discriminant (canonical) functions. The first function maximizes
the differences between the classes. The successive functions will be orthogonal or
independent to other functions, hence their contributions to the discrimination

between classes will not overlap. These functions or canonical variates are calculated



from the eigenvalues and eigenvectors of matrix W' B¢ . The solution is to find the

eigenvalues (latent roots) A :

IWr'Bi- A1 =0 8
which can be solved by:
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where e; is the i columns of eigenvectors.
The projection of a data vector x on the i th canonical axis is computed as:

7z =x"e.. (10)

z,=c,'e. (11)
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