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term is taken to be zero. Parameter a is used to determine the average

membership in the extragrade class (i.e., the relative number of extragrades to

intragrades). The fuzzy k-means objective function is recovered for a = 1.

The method of fuzzy k-means with extragrades selects the partition which
minimizes JCE.

Experience with large data sets has shown that inverse square-distance

dependence for extragrades may not always give satisfactory results. A further

objective function is proposed:

Jcv
n

a . L,
i=1

k

. L,ffiij<1>dij2 + (1- a)
j=1

n k

L,ffii*<1>. L,dij-13
i=1 j=1

where ffii* is again the membership of Xi in the extragrade class; if ffii *
and di j are simultaneously zero, the corresponding contribution of the

second term is taken to be zero. Parameter 13 (the extragrade exponent)

determines the effect of distance on the distinction between extragrades and

intragrades. The method of fuzzy k-means with variable extragrades selects

the partition which minimizes Jcv.

A.2. Minimizing the objective function

The solution of the fuzzy k-means with variable extragrades problem
rests on the minimization of

Jcv a .
n

L
i=1

k

Lffiij~ dij2 + (1- a) .
j=1

n
Lrni*<P .

i=1

with respect to the n x P Ci j, the n x k ffiij, and the n ffii*, subject
to the n constraints:

k

Lmij + mi*
j=1

1, i 1, ... , n.

The minimization problem is solved by the introduction of the n

Lagrange multipliers, AI, ... , An. A modified objective function, J' cv, is

constructed from Jcv using AI, ... , An as follows:
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n k

J'cv Jcv + L Ai . (Lrnij + rni*' -1) .
i=l j=l

The solution which minimizes J' cv (subject to no other constraints) is

also the solution which minimizes Jcv subject to the n constraints above

(see Hildebrand 1965, page 120H, for further details). To minimize J' cv, set its

partial derivatives with respect to the n x p Cij, the n x k rnij, and the
n mi * to zero:

i = 1, 000' n.

dJ'CV
0dCij

dJ'CV

0dmij =

dJ'cV =

0drni* i

i

1, ... , n; j

1, .. 0' n; j

1, .0" p;

1, ... , k;

(1)

(2)

(3)

These equations are solved for the case where di j is the Euclidean
metric, viz.,:

P
dij [ I. (xiu - Cju) 2] 1/20

U=l

Other metrics can be handled by transformation of the Xi to a

Euclidean space prior to application of the partition algorithm outlined below.

Note that:

ddst _ {
dCij -

0; i '* t;
Xsj - Cij

dsi

i t
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The left-hand side of equation (1) is

MocFUZZY:
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n k

L . Lrnst<l> dst2 + (1- 0:)
s=1 t=1

n
Lrns*<l>

s=1

n k }
+ I, As . ( I,rnst - rns* -1)

s=1 t=1

n k ddst n
20: . I .I,rnst<l> dst ~ - ~ (1- 0:)' I,rns*<l>

8=1 t=1 ~J s=l
~d _(~+l)ddst£.. st dC' '
t=l ~J

n

20:' Lrnsi<l> (xsj - Cij) - ~ (1- 0:)' frns*<l> dsi-(~+2)(xsj - Cij)
s=1 s=1

Setting this last expression to zero and solving for C i j I the n x p
set of equations:

n
0: rnsi <l>-~/2(1-rns*<l>dsi -(~+2)}xs jI { 0:)

s=1 (4)
Cij n0: rnsi<l>~h(1-rns*<l>dsi -(~+2)}I { -0:)

8=1
where

i1,... ,nandj=1,... ,presult.

The left-hand side of equation (2) is

n k

I, I,rnst<l> dst2 + (1- 0:)
s=1 t=1

k

I,dst -~
t=1

n k }
+ I, As . (I,rnst + rns* - 1)

8=1 t=l

0:'

k

L
t=1
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Setting this to zero and solving for ffii j

mi' = {-~i / ~}1/(~-1) (5)J ad2 ij

where i = 1, .,., nand j = 1, ... , p.

The left-hand side of equation (3) is

a { n kami* a· I . Imst~ dst2 + (1- a)s=1 t=1

k

Idst-~
t=1

(I-a) . In It. 1 ams*It. ms*'t'-'t' ami*s=1

k n ..•" ~ " ~~dst- + ~ ~s ami*t=1 s=1

k

(I-a) . ~mi*~-l Idit-~ + ~i
t=1

Setting this to zero and solving for mi *

mi*

where i

38

={ -~i : ~ }1/ (<1>-1)
(1-a) .I.dit-~

t=1

1, ... , n.

( 6)
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