Solutions to Selected Exercises 12

12l =] =5l[=2=5[=]-3]=3.

2. qiilf|242|=5then24+2x=50r2+2=—-5. So,x =3 or z = —T.

3. iiy=|r?+x—2

The easiest way to draw this graph is to sketch the graph of the function y = 22 +x—2
and reflect the part below the z-axis in the z-axis.
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4. i

1-2
-1-1
Let y=—2+b Whenzx=1y=2s0,2=—1(1)+bieb=3.

The gradient of the line is m = —1.

The equation of the lineis y = —r+3orx+y—3=0.

5. ii To find the point(s) of intersection of the two curves we write the equation of the

= 2 — 1 and solve for z.

lineasy =2 — 1, let

l‘_
1
= z—1
r—1
(z—1)? =1
?—2r4+1 = 1
22 —2r = 0
r(r—2) = 0

Therefore, x = 0 or x = 2. Substitute to find y.
The two curves intersect at (0, —1) and (2,1).



7. Let the length of the sides of the rectangle be x and y. Then the perimeter of the
rectangle is 2z + 2y = 40 and the area, A, is A = xy = 96.

Substituting y = 20 — z in A we get,

A=2(20-2) =20z —2*=96 or z°—20x+96=0.

That is, 2° — 20z + 96 = (v — 8)(z — 12) =0, ie v = 8 or & = 12.

Therefore the dimensions of the rectangle are 8 cms by 12 cms.
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10. iv

d
d—(x sinx) = z(cosx) + sinz(1) = z cosx + sin z.
x
viii Let u = f(x) = sinz and g(u) = e* so,

d . .
d—(esm‘”) = 7 xd—(sinx) = e*"T cos .
x —~—
9'(f(x))

ix Let u = f(x) = < and g(u) = tanu so,

d 1 1 _d i
%(tan ;) = sec? - x—x(x’l) = _se; z,

g'(f(z))

d
Note that %(tan u) = sec? u.



11. Let the internal dimensions of the advertisement be z and y as shown in the
diagram.

Then the overall dimensions are x +4 and y + 8. We also know that the internal
area is 50 cm?, ie zy = 50.

Let A be the overall area of the advertisement so

A= (et 4)(y+8) = (x+4) (E;_0+8) (o4 4) <50+8x) _ 8m2+82x+200'

x x
dA 2 —2 -1
o = (8x% 4+ 822 +200) X (—x7%) + (x7) x (16x + 82)
T
B _81’2+82ZL‘—|—200 n 16z + 82
N x? x
1622 4 82z — (822 + 82z + 200)
8x2 — 200
dA 9 ) .
i 0 when 8z° = 200 ie when x = 4+5. Clearly x = —5 cannot be a solution.
x

The table below tells us that we have a minimum when x = 5.

T <5 5 > 5

A —ve 0 +wve
A N 162 |

When z = 5, y = 10 and the overall area is 162 cm?, so the overall dimensions
that make the area of the advertisement a minimum are 9 cms by 18 cms.



14. ii

The function y = z2%e® is positive for all values of z # 0, so the graph of the
function is above the z-axis for all values of x # 0 and touches it at (0,0).
Differentiating we get,

Z—i = 2%e" + €*(27) = ze® (v + 2).
This is equal to zero when z = 0 or x = —2, and so the stationary points are
(—2,4e72) and (0,0).
x < =2 -2 > —2,<0 0 > 0
Yy +ve 0 —ve 0 +ve
Y / de™? \ 0 /

The table indicates that we have a maximum at (—2,4e~2) and a minimum at
(0,0).

d2
d_z = %" + €”(2z) + 2xe” + €”(2) = *(2® + 4z + 2).
T

d2
d—z = 0 when 22 + 42 + 2 = 0. We solve this using the quadratic formula.
x

—4£,/(4)* —4(1)(2)
2
—44++/8
2
—4 422
2
= 242

We have possible inflection points when = —2 — /2 and = —2 + /2, which
we confirm in the following table.

Tl <=2-V2]-2-V2|>-2-V2,<-24V2| 24V2| >-2+2
" +ve 0 —ve 0 +uve
y | concave up 0.38 concave down 0.19 concave up

We now have enough information to sketch the curve.
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16. ii
log ( 10° ) = log(10%) — log(100%)
100*
= zlog10 — xlog 100
r — xlog(10?)
= x—2xlog10
= -2z
= —x.
17. ii
In(z>+1) = 3
@+ 3
?4+1 = €
= et -1
r = +/ed -1
= +4.37.

Both of these solutions are valid as (+4.37)% + 1 > 0.

19. The population at t = 0 is P = Ae’ = A. The population doubles after 5 years
so when t =5, P = 2A.

In2
i When t =5, P = 2A so, 2A = Ae’* ie €% = 2. Therefore, k = n?

1i Whent =20 P = AelnT2'20 — Aetn2 — @Y — 164,

iii We need to find the value of ¢t when P = 4A. So

ln2t

4A = Aes



In2
est = 4

In?2
n—t = In4
5
5In4
t =
In2
= 10.

Therefore, the population is four times its initial value after 10 years.

R _ _ 37 w 57 9w
21.ii sinu =1 when v = —=<F, 7, 57, < etc.
. T T 3 T T
sm(Sm——):lwhen <3x——>:—— or <3x——>:—or
2 2 2 2 2
5 7
(31’—%):;@ (3x—g>:§et0.
Thatis,sin(fix—g)zlwhenx:—g orngorxzworx:%”etc.

So, the values of x between 0 and 27 for which sin (31: — E) =1larexz = %,

:B:Wandx:%“.

23. i When d = 300, I = 0.31(0) so,

0.31(0) = I(0)e 300

e % = 03
—300k = In0.3
Eo— ~In0.3
300
= 0.004.

ii We want to find d when I(d) = 0.51(0) so,

0.51(0) = 1I(0)e 0004

6—0.004d = 0.5
—0.004d = 1In0.5
In0.5

i = —
0.004
= 173.3.

Therefore, the intensity of the sunlight would be decreased by half at a depth
of 173 units below the surface.



