Solutions to Selected Exercises Set 3

1.

2.

The answers are given in the notes.
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a (z+3)(z+3)=w(x+3)+3@x+3)=2*+3r+3x+9=2?+62+09.
c. (x+5)(x+5)=2a?+5r+ 5z + 25 =2+ 10z + 25.

f. (r+a)(z+a)=2>+azx+azx+a® =2+ 2az + a*.
This one gives us the general pattern.

(z+a)?* = (z + a)(z + a) = 2% + 2azx + a’.
The 2ax is sometimes called the cross term.
a. (zr=3)(x—3)=z(z—-3)—3x—-3)=2>-3r—-3x+9=2>—6x+09,
d. (x—4)*=(r—4)(x —4) =2? — 4o — 4z + 16 = 2* — 8z + 16.

f. (x—a)?=(r—a)(r—a)=2°—azx—ar+a® = 2> — 2ax + a°.
This one gives us the general pattern.

a. (z+3)(z—3)=z(x—3)+3(rx—-3)=2?—-3r+3z—-9=2?-0.
d. (z—a)(x+a)=z(x+a)—alz+a) =2°+ar — ax — a® = 2% — a*.
This one gives us the pattern. It is often written as

2> —a* = (z +a)(z — a)

and is referred to as the difference of two squares.

a. (z+3)(z+2)=w(x+2)+3(x+2)=2*+20+3x+6=2>+52+6
b. (z+3)(z—2)=x(x—2)+3x—-2)=2>—-22+3x—6=2>+2—6.
c. (@=3)(z+2)=ax(x+2)-3@+2)=2"4+22-3r—6=1>—12—6.
d. (z-3)(z—-2)=z(z—-2)-3x—-2)=2*-22—-3x+6=2>—52+6

The pattern exhibited by these examples can be summed up as follows:

a. and d.

If the signs in the brackets are the same then the constant is positive as the
constant is the product of the constants in the brackets. Also, the coefficient of
the cross term is sum of the constants in the brackets and has the same sign as

them.

b. and c.

If the signs in the brackets are different then the constant is negative as the
constant is the product of the constants in the brackets. Also, the coefficient of
the cross term is the difference of the constants in the brackets and care must be

taken to assign the correct sign to each one.
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v These are very similar to the previous examples.

In the previous exercises we needed to take into account the coefficient of 22 when
we worked out the cross term.

We now need to use the patterns we spotted in the previous exercise to factorise the
following exercises. We will some of each type.

a. 22 +4x+3

The +3 tells us that the signs in the brackets are the same, while the +4x tells us
that the sign must be +.

This gives us (z + -)(x + -).

The product of the constants in the brackets equals 3, while their sum equals 4.
Therefore 3 and 1 will do.

We get

2> +4r+3 = (z+3)(x+1), which we check by expanding again.

d. 22+ 7z + 12

+12 tells us that the signs are the same and +7x tells us that they are 4. The
constants in the brackets must multiply to 12 and add to 7, so must be 6 and 1.

22+ T+ 12 = (v +6)(x + 1).

f. 22— 3z —10

The —10 tell us that the signs in the brackets are different so we are looking for factors
of —10 with a difference of —3. They must be —5 and 2.

2 =32z —10 = (r — 5)(z +2) again check by expanding.
(Notice if we chose 5 and —2 we would get 22 + 3z — 10.)

jo 2?2 —x —12

—12 tells us that the signs in the brackets are different and we are looking for factors
of —12 with a difference of —1. Take —4 and 3.

* —x—12= (v —4)(z + 3).
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k. 22 — 11z + 10

+10 tells us that the signs in the brackets are the same and —11z tells us the signs
are —. We are looking for factors of 10 whose sum is 11, so take 10 and 1.

2 — 11z 4+ 10 = (v — 10)(z — 1).

m. 22 — 16z + 15

+15 tells us that the signs in the brackets are the same and —16x tells us that they
are —. We are looking for factors of 15 whose sum is 16. Take 15 and 1.

2% — 16z + 15 = (z — 15)(z — 1).

s. x2+bx — 14

We are looking for factors of —14 whose difference is 5, so take 7 and —2.
2+ 5z — 14 = (x+7)(z - 2).

v. m*+6m+9

We are looking for factors of 9 with a sum of 6. Take 3 and 3.

m? +6m +9 = (m+ 3)(m+ 3) = (m + 3).

w. 222 +7x+3
We know that the signs in the brackets are the same and must be +.
So we have (2z + -)(x + -) as the only factors of 2 are 2 and 1.

We are looking for factors of 3 so try 3 and 1. Now try them in the bracket to see if
we can get it to work.

(22 +3)(z + 1) = 22> + 5z + 3  which is not what we want.
If we swop them over we get

(2 +1)(z +3) =2° +7r +3 which is what we were after.

There is an element of trial and error in doing these exercises!

2?2 —Tr+12 =
(x—6)(x—1) = 0

Therefore xt —6 =0or x —1=0. That is, z =6 or z = 1.
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P +3r = 0
z(r+3) = 0

So,x=0o0orx+3=0. Thatis, x =0 or x = —3.
d.

4o —4dx = 0
dx(x—1) = 0

So,zr=0o0rx=1.

e.
?—4x -5 = 0
(x=5)(z+1) = 0
So,zr=5o0rx=—1.
h.
S50 —a2% = 0
z(b—z) = 0
So,t=0o0r5—x=0,iex=>5.
k.
2 —81 = 0
(x+9)(z—9) = 0
So, x = =9 or x = +9. This is the difference of two squares.
m.
-1 = 0

So, x = —1or x = +1.



922 - 16 = 0
(37)* — 16
(Bx+4)3r—4) = 0

(SIS
ol

So, x =—3orx=

> —2r+1 = 0
(x—1)(@—1) =

So, x = 1. Notice both brackets give the same answer.

r.
2’ —14r +49 =
(x—=T)(z-T7) = 0
So, x=T.
S.
10+3z—2> = 0
*—3z—-10 = 0
(x=5)(z+2) = 0
So, z = 5 or z = —2. Notice we started by rearranging the equation to make the z?

term positive.

u.
20 =Tz +5 = 0
(2x —=5)(z—1) =
So,x:goraczl.
V.
62> — 252 — 9 =
(2 —9)3z+1) = 0
So, x = % or r = —%. It may take you several goes to get this one out as there is

more than one way to factorise both 6 and 9.
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For these next exercises we will use the quadratic formula:

_ —b= Vb?% — 4dac

2a

xz

a. 2>—-3x—-5=0

—(=3) £ ,/(=3)2 — 4(1)(-5)
2(1)
3++v/9+ 20

2
3 ++29

That is x = :HT V29 or g = 3=v29

c. 2 4+6x+2=0

—6+ /62 — 4(1)(2)

2(1)
—6++/36—38

2
—6 £ V28
2

_ _—Gi;W VI8 = VIXT — 2T

= 347

Thatis,x:—3+\/70r:v:—3—\/7.

e. 3’ —xr—-3=0

—(=1) £ /(-1)2 — 4(3)(-3)
2(3)

€T =
 1+/T+36
B 6
1V
B 6
That is, z = Y37 op g = 1=V3T
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f.224+524+7=0

—5+ /52 — 4(1)(7)

2(1)
—5+/25 - 28

2
-5+t v-3
2

But here we have the v/—3 which is not a real number, so there are no real solutions
to this quadratic.

We approach these type of questions by drawing a picture and defining the variable
we need.

Existing Fence

Let x be the length of the side parallel to the existing fence and let y be the other
side.

We have 300m of fencing material so = + 2y = 300. (1)
We want to fence an area of 10000m?, so zy = 10000. (2)
Now we need to eliminate either x or y to solve this equation.

Rearranging equation (1) we get x = 300 — 2y.

Sustituting in equation (2) we get (300 — 2y)(y) = 10000, ie 300y — 2y* = 10000.

This gives us the quadratic 2y? — 300y + 10000 = 0 which we can solve using the
quadratic formula.

300 + \/3002 — 4(2)(10000)
v 2(2)
300 + \/90000 — 80000

4
300 = 100
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SO, Yy = 3001100 — 100, ory = 300;100 = 50.
If y = 100, x = 300 — 2(100) = 100. If y = 50, z = 300 — 2(50) = 200.
So the dimensions of the rectangle are either 100m by 100m or 200m by 50m.

8. The rock will reach the ground when s = 150, so 150 = 5t44.9¢t% or 4.9t2+5t — 150 = 0.

—5 4 /52 — 4(4.9)(—150)
2(4.9)

—5 £ V25 + 2940

9.8
—5 £ 54.45

9.8

So, t = 5.05 or t = —6.07 (which is not possible given the physical situation).

Therefore the rock will take Hsec to reach the ground.



