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1 Another Look at Areas

The definite integral | f f(x)dx is defined as the limit of a particular type of sum, without
placing any restrictions on whether the function f(z) is positive or negative.

n—o0 4

/ab f(z)dz = lim Z:f(a:Z)Ax (1)

We have seen that, if f(z) is positive, [° f(x)dz is
equal to the area between the curve y = f(z), the ™
z-axis and the ordinates r = a and x = b, (which we |

refer to as ‘the area under the curve’). The natural 0 Ax
question to ask now is: what does [’ f(z)dx equal if
f(z) is negative? Can we represent it as an area in + fx)
this case too; perhaps ‘the area above the curve’?
If we go back to the definition of [” f(z)dz as the limit \
of a sum (see (1)), we can see clearly that if f(z) is
always negative then each of the terms f(x;)Ax will
also be negative (since Az is positive).

y =f(x)

So the sum Y f(z;)Az will be a sum of negative terms and so will be negative too. And
i=1

when we let n approach infinity and pass to the limit, that will be negative also.

b
Thus, if f(z) is negative for = between a and b, / f(z)dz will also be negative.

Now areas are, by definition, positive. If we ignore the fact that each of the terms f(z)Ax
is negative, and consider its numerical value only, we can see that it is numerically equal
to the area of the rectangle. And, if we go through the usual process, adding up the areas

b
of all the little rectangles and taking the limit, we find that / f(z)dz is numerically

equal to the area between the curve and the z-axis.

b
So to find the area, we calculate / f(z)dz, which will turn out to be negative, and then

a
take its numerical (i.e. absolute) value.

To see this more clearly, let’s look at an example. Consider the curve, y = x(z*—1). This
is a cubic curve, and cuts the z-axis at —1, 0 and 1. A sketch of the curve is shown below.

1
Let us find the shaded area. First we calculate the definite integral / z(z? — 1)dz.
0

1 1
/:z:(a:z—l)dx = /(x?’—a:)dx /
0 0
1 -7
e A e
1 1
= (i7z)-0-0
1
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Since x(x? — 1) is negative when z lies between 0 and 1, the definite integral is also
negative, as expected. We can conclude that the area required is }1 square units.

As a check, let us find the area of the other ‘loop’ of the curve, i.e. the area between the
curve and the z-axis from —1 to 0. Since z(x? — 1) is positive for this range of values of
x, the area will be given by

This is the answer we would expect, since a glance at the diagram shows that the curve
has ‘point symmetry’ about the origin. If we were to rotate the whole graph through
180°, the part of the curve to the left of the origin would fit exactly on top of the part
to the right of the origin, and the unshaded loop would fit on top of the shaded loop. So
the areas of the two loops are the same.

1

Now let us calculate / r(2? — 1)dz.
-1

This makes it very clear that

a definite integral does not always represent the area under a curve.

We have found that

b
1. If f(x) is positive between a and b, then / f(z)dz does represent the area under

the curve.

2. If f(x) is negative between a and b, then represents the area above the

/ab f(z)dx

b
curve, since the value of / f(z)dz is negative.
a

3. If f(z) is sometimes positive and sometimes negative between a and b, then
b

/ f(z)dr measures the difference in area between the part above the z-axis and
a

the part below the x-axis. (In the example above, the two areas were equal, and so
the difference came out to be zero.)
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Let’s look at another example.
Consider the function y = (z + 1)(z — 1)(z — 2) = 2% — 22* — x + 2.

This is a cubic function, and the graph crosses the z-axis at —1, 1 and 2. A sketch of the
graph is shown.

Ty
A
1 0 B 72 X
The area marked A is given by
/1(3 972 +2)d L, 23 24_2}1
x’ =2z —=x r = |-2"—-x x x
-1 4 3 2 1
1 2 1 1 2 1
= (--2_Z 2) — (- +2-2-2
(4 3 2+> (4+3 2 )
4 2
— _—44=29%
3+ 3

So the area of A is 2% square units.

The area marked B can be found by evaluating

/12(:U3—2x2—x+2>dx.

5

This works out as —55. (The details of the calculation are left to you.)

So the area of B is 1—52 square units.

2
If we calculate / (z* — 22° — o + 2)dx the answer will be the difference between the area
1

of A and the area of B, that is, 2% square units. (Check it out for yourself.)

If we want the total area enclosed between the curve and the z-axis we must add the
area of A and the area of B.

ie. 2% + % == 3% square units.
WARNING In working out area problems you should always sketch the curve first. If

the function is sometimes positive and sometimes negative in the range you are interested
in, it may be necessary to divide the area into two or more parts, as shown below.
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b
The area between the curve and the z-axis from a to b is NOT equal to / f(z)dx.

a

c b
Instead, it is/ f(x)dx + |/ f(x)dx|.
Before you can calculate this, you must find the value of ¢, i.e. find the point where the

curve y = f(z) crosses the z-axis.

Exercises 1

1. Find the area enclosed by the graph of y = 32%(z — 4) and the z-axis.

27
2. i. Find the value of/ sin zdzx.
0

ii. Find the area enclosed between the graph of y = sinx and the z-axis from x = 0
to z = 2.

3. Find the total area enclosed between the graph of y = 12z(x + 1)(2 — z) and the
T-axis.
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2 The Area Between Two Curves

Sometimes we want to find, not the area between a
curve and the z-axis, but the area enclosed between T
two curves, say between y = f(x) and y = g(z). T
We can approach this problem in the same way as
before by dividing the area up into strips and approx-
imating the area of each strip by a rectangle. The
lower sum is found by calculating the area of the in-
terior rectangles as shown in the diagram.

The height of each interior rectangle is equal to the
difference between the least value of f(z), f(z'), and
the greatest value of g(x), g(z*), in the rectangle. The
area of the ith rectangle is (f(z}) — g(z}))Aux.

The lower sum = » (f(z}) — g(z}))Ax.
i=1
The upper sum can be found in the same way. The
area enclosed between the curves is sandwiched be-
tween the lower sum and the upper sum.

When we pass to the limit as Az — 0, we get

b
Area enclosed between the curves = / (f(x) — g(z))dz.

Note that the height is always f(x)— g(z), even when
one or both of the curves lie below the z-axis. P ’
For example, if for some value of z, f(z) = 2 and
g(x) = —3, the distance between the curves is f(x) —
g(x) =2—(=3) =5, or, if f(x) = —2 and g(x) = -3,
the distance between the curves is (—2) — (=3) =1
(see the diagram).

So, to find the area enclosed between two curves, we must:

1. Find where the curves intersect.

2. Find which is the upper curve in the region we are interested in.
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3. Integrate the function (upper curve — lower curve) between the appropriate limits.

In other words, if two curves f(z) and g(z) intersect at x = a and x = b, and f(z) > g(x)
for a < x < b, then

b
Area enclosed between the curves = / (f(x) — g(z))dz.

Exercises 2

(Remember to draw a diagram first, before beginning any problem.)
1. Find the area enclosed between the parabola y = z(z — 2) and the line y = —x + 2.
2. Find the area enclosed between the two parabolas y = 22 — 4z + 2 and y = 2 — 2%

3. Check that the curves y = sinx and y = cosx intersect at 7 and %”, and find the
area enclosed by the curves between these two point.

4. i. Sketch the graphs of the function y = 6 —z — 2 and y = 23 — Tz + 6.
ii. Find the points of intersection of the curves.

1ii. Find the total area enclosed between them.
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3 Solutions to exercises

Exercises 1

1. First, draw a graph.

The area is below the z-axis, so we first cal- (b4
culate f; 322(z — 4)dux.
4 4 0 4 X
/ 32%(x — 4)dr = / (32° — 122%)dx *
0 0
3 4
= [Zx4 — 4x3} ;
= —64.
The required area is therefore 64 units.
2m 9
2. i / sinzdr = [—cosz];” = —cos2mr +cos0=—-14+1=0
0
ii.
y
0 T 2 i

From the graph we see that the area

T 2T
Area = / sin xdx + | / sin xdx|
0 T

[ cos ]} 4 | [~ cos z]" |
= (—cosm+cos0) + | — cos2m + cos 7|
(=D+D+[-1+(=1)

(—
= 4.

3. The graph of the curve cuts the z-axis at —1,
0 and 2.
The total area = area A + area B.

0
Area A = | / 122(2 + 1)(2 — 2)dz|
-1

0
- y/ (—122° + 1222 + 24z)dz|
-1

Ny

N A
[-3" + 428 +122] |

— [0 (=3 —4+12)]

—|—5/=>5.
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2
Area B = / 122(2 + 1)(2 — 2)dx
0

= [-32" + 42° + 1207 = (—48+ 32+ 48) = 32,

2
0

Therefore the total area is 5 + 32 = 37 square units.

Exercises 2

1. The curves y = 22 — 2x and y = —x + 2
intersect where 22 — 20 = —x + 2. ie. at Y
(-1.3)
r=—1lorxz=2.
The upper curve is y = —x + 2.
2
Area = / (—z+2) — (2* — 272))dx
o (2.0)
= / (24 2 —2%)dx | | ‘ X
~1
1 1 .12
— |9 12 1.3
{ T+ 230 Sx B
8 1 1
= (44+2-2)— (=24 =+ -
(42— 2) = (=245 +3)
1
= 4—.
2

2. The curves intersect where x> — 4z +2 =2 —2%ie. 222 —4x =01ie. x =0o0r z = 2.
The upper curve is y = 2 — 22 (see sketch).

Area = /2((2 —2%) — (2* — 4w + 2))dx P
0 =2 2
02) y =2-x

2
= / (4o — 22%)dx
0

2 2 5]°
— |2 z >
x —1-391: . P
2
= (8—=--8)—0
( 3 ) (2,-2)
.2
= 22
3. Whenng,sinx:%andcosx:%. ,
Whenw:%,sinx:—%andcosx:—%.

So the curves y = sinx and y = cosx inter-

sect at 7 and %’r. /A4

NN
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5

Area = [TT(sinx — cosx)dx

4
5w

= [—cosx — singz:]%T

( T . 57r)+( 7r+, 7r)

= (—cos— —sin — CcOoS — + sin —
4 4 4 4
4

7
= 2V/2.

4. (i) and (ii) The curves are easier to sketch if
we first find the points of intersection: they
meet where 22 — 72 4+ 6 = 6 — 2 — 22
That is,

23+ 22 —62x=0

z(r —2)(x+3)=0.

So the points of intersection are (0,6); (2,0);
and (—3,0).

The first curve is an ‘upside-down’ parabola, 3
and the second a cubic.
Total area = area A + area B.

Area A = /0((x3—7x+6)—(6—m—x2))dx

-3

0
= / (2* + 2* — 6x)dx
-3

1 1 0
= Z:LA + §£L‘3 — 322 »
3
= 15-.
4

2
Area B = /((6—x—x2)—(a73—7x—|—6))dx
0
2
= /(6x—x2—x3)d:p
0
= 55

.. the total area = 15% + 5% = 21% square units.

sl




